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T h i s  paper  ex tends  t h e  i n v e s t i g a t i o n  of lunar -Ear th ,  
p lane tary-Ear th ,  and deep space l o w  c a p a c i t y  communication 
channels  i n i t i a t e d  by t h e  au thor  i n  a previous  memorandum 
t i t l e d  "Optimizat ion of a Very-Low Capaci ty  Channel Using a 
Multi-Tone Frequency S h i f t  Keyed Detector. 'I (TM-69-2034-4, 
May 5 ,  1 9 6 9 )  

Two models of phase n o i s e  (whose s i g n i f i c a n c e  i s  t h a t  
i t  i s  t h e  d e f i n i n g  c h a r a c t e r i s t i c  of l o w  c a p a c i t y  channels )  and 
t h e i r  corresponding de r ived  maximum l i k e l i h o o d  detectors are 
d iscussed .  The t w o  d e t e c t o r s  a r e  de f ined  as t h e  random s t e p  
detector and t h e  random l i n e a r  d r i f t  d e t e c t o r .  It  i s  argued 
t h a t  t h e  "optimum" d e t e c t o r  w i l l  depend upon t h e  degree of 
knowledge one has  about  t h e  s t a t i s t i c s  and c h a r a c t e r  of t h e  
phase n o i s e  and t h e  a b i l i t y  t o  t ake  advantage of t h i s  i n f o r -  
mation t o  produce a r e a l i z a b l e  and p r a c t i c a l  d e t e c t o r .  Thus 
it is shown t h a t  a reasonable  and prac t ica l  d e t e c t o r  when 
l i t t l e  informat ion  i s  known about  t h e  phase n o i s e  i s  the  
random s t e p  d e t e c t o r .  If however t h e  phase n o i s e  has  a l i n e a r  
d r i f t  characterist ic which i s  known s t a t i s t i c a l l y  then  such 
in fo rma t ion  could be used t o  des ign  a more e f f i c i e n t  d e t e c t o r ,  
t h e  random l i n e a r  d r i f t  d e t e c t o r .  

'* .- 
SEE REVERSE SIDE FOR D I S T R I B U T I O N  LIST 
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TECHNICAL MEMORANDUM 

This  paper extends t h e  i n v e s t i g a t i o n  of lunar -Ear th ,  
p lane tary-Ear th  and deep space l o w  c a p a c i t y  channels  i n i t i a t e d  
i n  a previous  paper  by t h e  author. '  I n  t h a t  paper  t h e  optimum 
maximum l i k e l i h o o d  d e t e c t o r  f o r  a s i g n a l  d i s t o r t e d  by phase 
n o i s e  o i ( t )  was desc r ibed  and de f ined  a s  t h e  random s t e p  
d e t e c t o r . *  The v a r i a t e  O . ( t )  i s  a s tepped approximation t o  
t h e  a c t u a l  phase no i se  and i s  i l l u s t r a t e d  i n  F igure  1. 

1 

I 

I I I I 

i 3  0 

n 

Figure  1 - The Random Phase a s  a Funct ion of T i m e  

*The modulat ion assumed was M'ary FSK so t h a t  i=l, 2,--M. 
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The key assumption made w a s  t h a t  t h e  s e t  I O i j }  
v a r i a t e s  are independent  and i d e n t i c a l l y  d i s t r i b u t e d .  
S e c t i o n  I1 of t h i s  memorandum is  a v a l i d a t i o n  of t h i s  
assumption. 

S e c t i o n  I11 desc r ibes  a second maximum l i k e l i h o o d  
d e t e c t o r  which i s  def ined  as t h e  random l i n e a r  d r i f t  d e t e c t o r .  
The o p t i m a l i t y  of  t h i s  second r e c e i v e r  depends upon a g r e a t e r  
a p r i o r i  knowledge of t h e  s t a t i s t i c a l  c h a r a c t e r i s t i c s  of t h e  
phase n o i s e  than  is assumed f o r  t h e  model p rev ious ly  desc r ibed .  

11. THE R A N D O M  STEP DETECTOR - INDEPENDENT O i j ' s  - 
I n t u i t i v e l y  one f e e l s  t h a t  t h e  s e t  toij} must be  

c o r r e l a t e d .  
w i th  a c o r r e l a t e d  se t  of  { O i j )  r e s u l t s  i n  a mathematical  
complexity which impl i e s  an extremely d i f f i c u l t  d e t e c t o r  r e a l i -  
za t ion .  
p rocess  g e n e r a l l y  do n o t  l ead  t o  s a t i s f a c t o r y  r e s u l t s .  This  
can be seen  i n  Appendix A where such a Markov model i s  desc r ibed .  

However any a t tempt  t o  model t h e  phase no i se  

Thus a t tempts  t o  model O i ( t )  a s  a f i r s t  o r d e r  Markov 

Since  one cannot  model t h e  phase no i se  assuming 
c o r r e l a t i o n  i n  t h e  set of O i j ' s ,  and d e r i v e  a r e a l i z a b l e  
r e c e i v e r  and s i n c e  it is  be l i eved  t h a t  t h e  O i j ' s  are indeed 
c o r r e l a t e d ,  of what value i s  t h e  de r ived  d e t e c t o r  f o r  which  an 
independent  s e t  of 0 ' s  was assumed? To a n s w e r  t h i s  q u e s t i o n  
one can l o g i c a l l y  argue i n  t h e  fo l lowing  manner. 

i j  

I f  phase n o i s e  e x i s t s  and i t s  bandwidth (B) i s  
measurable ,  t hen  t h e  minimum number of v a r i a t e s  i n  t h e  se t  
( 0 .  . I  i s  approximately determined by such a measurement. Thus 
s i n c e  j v a r i e s  from 1 t o  L-1 t h e  minimum value  of L i s  d e t e r -  

= II : TB where  T i s  t h e  t i m e  d u r a t i o n  of a 
t r a n s m i t t e d  M'ary symbol and B i s  t h e  r f  bandwidth. Thus any 
i n c r e a s e  i n  L, o r  corresponding widening of t h e  d e t e c t i o n  band- 
wid th ,  would n o t  r e s u l t  i n  any improvement i n  t h e  d e t e c t i o n  o f  
t h e  phase n o i s e  s i g n a l  b u t  would r a t h e r  l e a d  t o  a degrada t ion  
i n  performance. 
s i t y  t o  combat a m u l t i p l i c a t i v e  n o i s e  i n  t h a t  an optimum d ive r -  
s i t y  va lue  (maximum value f o r  t r ansmiss ion  bandwidth) e x i s t s  
which minimizes t h e  e f f e c t  of fad ing .  Any a d d i t i o n a l  i n c r e a s e  

1 3  

mined by Lminimum - 

T h i s  i s  analogous t o  t h ?  use  of f requency d i v e r -  
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i n  d i v e r s i t y  r e s u l t s  i n  a degrada t ion  caused by t h e  i n c r e a s e  
i n  a d d i t i v e  thermal n o i s e  accompanying t h e  i n c r e a s e  i n  t h e  
t r ansmiss ion  bandwidth. 
F igure  2. 

This phenomena i s  dep ic t ed  i n  

S i g n a l  
~ o i  se- 

a4  

a2 

al 

R TB 

F igure  2 - V a r i a t i o n  of t h e  r a t i o  of r ece ived  s i g n a l  t o  
n o i s e  power wi th  L ( p r o b a b i l i t y  of b i t  
error = cons tan t )  

I n  a d d i t i o n  no te  t h a t  as t h e  phase no i se  bandwidth 
i n c r e a s e s  t h e  s i g n a l  i s  i n c r e a s i n g l y  d i s t o r t e d  a n d  t h e  v a l u e  of 
R i n c r e a s e s  so t h a t  t h e  performance is  degraded. Th i s  is 
g r a p h i c a l l y  dep ic t ed  i n  F i g u r e  3 .  

P r o b a b i l i t y  
of a b i t  
E r r o r  b3 

R 3  

a3 
b3 

Figure  3 - Relative Performance of t h e  Random S t e p  
Detector 
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I f  one refers t o  t h e  prev ious  companion memorandum, 
it i s  seen  t h a t  each of t h e  s e t  o f  i measures ( i = 1 , 2 , . , , , M )  i s  
computed from t h e  weight ing  of L noncoherent matched f i l t e r  
energy measures, each having been i n t e g r a t e d  over  a mutual ly  
e x c l u s i v e  t i m e  i n t e r v a l  T ( w h e r e  LT = T ) .  The i measures are 
then  compared wi th  a dec i s ion  made t h a t  s i g n a l  k w a s  t r a n s m i t t e d  
i f  t h e  kth measure i s  t h e  l a r g e s t .  Now i f  such a receiver is 
used and a s i g n a l  i s  t r a n s m i t t e d  i n  which t h e  set of (0 1 
v a r i a t e s  are n o t  independent t h e  performance of the receiver 
w i l l  be i d e n t i c a l  t o  one where t h e  set of  I o i j  1 variates  are 
t r u l y  independent.  Th i s  i s  easy  t o  show s i n c e  each of t h e  L 
energy measures computed and weighted t o  form each of t h e  M 
compared d e c i s i o n  measures i s  independent  o f  t h e  phase i n f o r -  
mation (as are t h e  weight ing f a c t o r s ) , *  Thus one can conclude 
t h a t  t h i s  receiver acts as an upper bound i n  performance s i n c e  
if one could r e a l i z e  a r e c e i v e r  f o r  a correlated set  of O i j ' s  

t hen  one would expec t  such a r e c e i v e r  t o  make use  of such cor re-  
l a t i o n  informat ion  and t o  perform b e t t e r  t h a n  a receiver which 
throws such informat ion  away. (By t h e  same reasoning  one would 
expec t  a coherent  receiver t o  perform b e t t e r  than a noncoherent 
receiver i n  a d d i t i v e  whi te  Gaussian n o i s e  and it does , )  

i j  

I t  i s  concluded, therefore,  t h a t  i f  t h e  e x a c t  phase 
n o i s e  s t r u c t u r e  i s  n o t  known b u t  only t h e  phase n o i s e  bandwidth 
prudence dictates  t h a t  one design a r e c e i v e r  t h a t  does n o t  
r e q u i r e  t h e  phase n o i s e  s t r u c t u r e  for  i t s  o p e r a t i o n  and whose 
performance w e  can p r e d i c t .  I n  add i t ion  it i s  e q u a l l y  reasonable  
t o  use  t h e  r e c e i v e r  descr ibed  i n  Reference 1 s i n c e  it i s  t h e  
optimum of such real izable  receivers. 

*Note t h a t  n o t  a l l  noncoherent d e t e c t o r s  e l i m i n a t e  phase 
informat ion .  For example i f  an optimum noncoherent d e t e c t o r  
( thermal  n o i s e  only)  were used, and t h e  s i g n a l  t r a n s m i t t e d  d i d  
i n  fact  possess  phase noise  the  compared energy measures would 
i n  t h i s  case be f u n c t i o n s  of  t h e  phase n o i s e  parameters .  Thus 
t h e  performance o f  t h e  d e t e c t o r  -tinder thermal  riclise condit icl ix 
would n o t  bound t h e  performance when t h e  s i g n a l  was c o r r u p t e d  
by bo th  thermal  and phase noise .  
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T h i s  s e c t i o n  i s  ended wi th  t h e  fol lowing* observa t ion .  
The quadra tu re  d e t e c t o r  has  been shown by Ferguson2 t o  be i n  
t h e  l i m i t  t h e  optimum d e t e c t o r  f o r  s m a l l  p r e d e t e c t i o n  s i g n a l  
t o  n o i s e  ra t ios  f o r  several d i f f e r e n t  models of t h e  phase no i se .  
However t h e  g e n e r a l i z e d  form of t h e  quadra tu re  d e t e c t o r  i s  
such t h a t  M d e c i s i o n  v a r i a b l e s  ( 2 . 1  are formed by ob ta in ing  

3 

where j = 1 , 2 , .  . . ,M. 

s p e c t r a l  c o e f f i c i e n t  de f ined  by a ( w )  i s  a 

f f T  
2 

t) d j  

'L 'L y ( t )  i s  t h e  r ece ived  s i g n a l  p lus  n o i s e ,  i . e . ,  y ( t )  = x ( t ) + n ( t ) ;  
w i s  the frequency a t  which a ( @ )  i s  eva lua ted .  The s i g n a l  is  
x(t) and n ( t )  is  whi te  Gaussian no i se .  

p ( w - w  . )  is  a s p e c i f i c  s p e c t r a l  weight ing func t ion  
3 t h  c e n t e r e d  about  t h e  frequency w t h e  j t o n e .  j 

T i s  t h e  l eng th  of a t r a n s m i t t e d  M'ary symbol. 

Now n o t e  t h e  fol lowing.  I f  p(w-w.) = S ( w - w . ) ,  
3 3 

where S ( w )  i s  t h e  Dirac  d e l t a  f u n c t i o n ,  equa t ion  (1) reduces 

*It w a s  shown t h a t  f o r  many real  a p p l i c a t i o n s  very s m a l l  
p r e d e t e c t i o n  s igna l - to -no i se  ra t ios  may be an unrealistic 
assumption t o  make about a low c a p a c i t y  channel.  
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t o  t h e  s t anda rd  opt imal  noncoherent r e c e i v e r  f o r  t h e  no phase 
n o i s e  case. Thus t h e  s t r u c t u r e  of  t h e  receiver i n  t h e  p resence  
of phase no i se  is  dependent on t h e  p(w-w.) weight ing f u n c t i c n  
which i n  t u r n  i s  dependent upon t h e  knowledge of t h e  noise .  I f  
l i t t l e  is  known about  t he  noise  it i s  reasonable  t o  assme p(w) 
t o  be uniformly d i s t r i b u t e d  and t h i s  i s  p r e c i s e l y  what has  been 
d0ne. l  
t h e  O i j ' s  f o r  t h e  random s t e p  d e t e c t o r  model and t h e  form of  t h e  
weight ing func t ion  p(w-0.1 f o r  t h e  spectrum ana lyze r  e x i s t s .  

111. THE RANDOM LINEAR DRIFT DETECTOR 

n o i s e  bandwidth i s  known, t h e  use  of t h e  optimum c o n s e r v a t i v e  
d e t e c t o r  is  t h e  m o s t  r easonable  approach t o  take.  

3 

Thus an analogy i n  assumptions between t h e  c o r r e l a t i o n  o f  

3 

I n  t h e  l a s t  s e c t i o n  it w a s  argued t h a t  i f  on ly  t h e  phase 

There may e x i s t  however more informat ion  about  t h e  phase 
n o i s e  t h a n  j u s t  i t s  bandwidth. 
receiver based upon a random s t e p  approximation t o  t h e  no i se  would 
be o v e r l y  conserva t ive .  Unfor tuna te ly ,  as has been shown i n  Appendix 
A,  knowledge of  t h e  no i se  cannot e a s i l y  l e a d  t o  a p r a c t i c a l  r e a l i z a -  
t i o n  o f  t h e  maximum l i k e l i h o o d  r e c e i v e r .  
except ions .  Modeling t h e  phase no i se  as a random l i n e a r  d r i f t  
d e t e c t o r  i s  one such except ion  and i s  developed i n  t h i s  section. 

l i n e a r  d r i f t  ra te  over  a t r ansmiss ion  symbol per iod  T. 
n o t  known i s  f r o m  what p o i n t  i n  t h e  phase domain t h e  d r i f t  s t a r t s  
i n  each t r ansmiss ion  symbol. The d r i f t  r a t e  i s  a l s o  assumed 
unknown. 

I n  such c a s e s  t h e  des ign  of a 

However t h e r e  a r e  a f e w  

The phase no i se  f o r  t h i s  model i s  assumed t o  have a 
What is  

A sample waveform of such a p rocess  i s  shown i n ' F i g u r e  4 .  

/ I  

0 (t) 
/ 

/ ?  

t 

2nr+klr 

2nr 

F igu re  4 - The D r i f t  Phase Noise Model 
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The detector for t h e  phase no i se  model desc r ibed  
i n  F igure  4 is  de r ived  i n  Appendix B*, under the assumption 
t h a t  t h e  d r i f t  ra te  i s  known except  f o r  s i g n  informat ion .  
The r e s u l t a n t  d e t e c t o r  computes M measures {y,) and d e c i d e s  
t h a t  t h e  s i g n a l  t r a n s m i t t e d  is 

max { yk I k=1,2, ..., M 

where yk  is  given by 

- 
'k - l Y k  + 2yk 

and where 

z I 3.75 k i  
i=l , 2 

z > 3.75 k i  

M(zki) = 1 + 3.5156229n2 + 3.0899424n4 + 

1.20674320~ + 2.6597320~ + 

. 0 3 6 0 7 6 8 ~ ~ ~  + .0045813~ 1 2  . I  

*In Appendix B w e  make u s e  o f  a s tepped  approximation 
t o  t h e  s l o p e  assuming t h a t  every T seconds t h e  s l o p e  i n c r e a s e s  
by a f a c t o r  A O .  
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N(zki) = . 3 9 8 4 2 2 8  + .03988O24nw1 - . 0 0 3 6 2 0 1 8 ~ l - ~  + 

. 00163801n-3  - . 0 1 0 3 1 5 5 5 0 - ~  + . 02282967n-5  

c 
. 0 2 8 9 5 3 1 2 ~ ?  + . 0 1 7 8 7 6 5 4 1 1 - ~  - . 0 0 4 2 0 0 5 9 n - ~ ]  

“ki  

where 

T l  = Zki /3 .75  

z2  i s  g i v e n  by ki 

- 
s i n ( i - 1 )  A @  

k 2 j  3 ‘:i = [g, k k l j  cos(j-1)AO + (-l) i  a 

9 

2 

r 

and where 

y ( t )  cos w k t  d t  k l  j a 

+ 

( 3 )  

2 

( 4 )  

y ( t )  s i n  w k t  d t  ak2 j 
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y ( t )  i s  t h e  r ece ived  s i g n a l  and w i s  t h e  t r ansmiss ion  
frequency corresponding t o  the  k symbol k=1,2, . . . ,M. t k  

Thus t h e  detector gene ra t e s  M quadra tu re  p a i r s  of 
a noncoherent matched f i l t e r  every T seconds f o r  L such i n t e r -  
va ls ,  and weights  them wi th  t h e  proper  cos sin I ( j - l ) a o )  va lues  t o  
form t h e  zki parameters  which are i n  t u r n  weighted t o  produce 
t h e  M Yk measures used t o  determine which M'ary symbol w a s  
t r ansmi t t ed .  

The q u e s t i o n  remains as t o  haw t o  determine L. I t  
would appear  t h a t  t h e  smaller you make L t h e  b e t t e r  i s  t h e  
approximation t o  t h e  l i n e a r  s l o p e  model. S ince  t h e  l i n e a r  
s l o p e  model i s  ju s t  a model, and s i n c e  p r a c t i c a l  l i m i t a t i o n s  
o f  implementation must be considered,  t h e  va lue  of  L would 
have t o  be determined exper imenta l ly .  

The assumption of a n e a r  c o n s t a n t  known Elope (except  
f o r  i t s  S ign)  appears  t o  be u n r e a l i s t i c  i n  t h h t  i f  one could  
know such informat ion  t h e n  one would use  a coherent  d e t e c t o r .  
T o  ex tend  t h e  r e s u l t  it is assumed t h a t  t h e  d r i f t  of t h e  
receiver is  random, o r  i n  o u r  model o f  a s t epped  approximation 
t o  the s l o p e ,  t h a t  A0 can  vary from -IT t o  IT. Then w e  need on ly  
r e q u i r e  t h a t  A 0  be known s t a t i s t i c a l l y  r a t h e r  d e t e r m i n i s t i c a l l y .  
Thus i f  t h e  d e n s i t y  d i s t r i b u t i o n  of A 0  f o r  a given va lue  of L 
( p  (AO/L) ) could  be determined expe r imen ta l ly  then  us ing  equa t ion  
( 2 )  t h e  y k ( L )  measures are g iven  by: 

Although t h i s  is d i f f i c u l t  t o  do a n a l y t i c a l l y  it is  
e a s y  t o  do numerical ly .  

2034-LS-jf 

Attachments 
References 
Appendices A and B 
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A P P E N D I X  A 

P H A S E  N O I S E  MODEL I - NONINDEPENDENT O i j  'S 

The j o i n t  d e n s i t y  d i s t r i b u t i o n  for t h e  0 ' s  w i l l  
be assumed t o  e x h i b i t  a f i r s t  o r d e r  Markov p rope r ty  so  t h a t  
w e  may w r i t e  

i j  

Th i s  i s  a n a t u r a l  and s imple ex tens ion  o f  t h e  model 
which assumes t h e  s e t  of 0 ' s  are independent.  Two models of 
t h e  c o n d i t i o n a l  d e n s i t y  P ( O ~ + ~ / O .  1 ,  i = 1 , 2 , .  . . ,L-1 are used. 
These are desc r ibed  below. 

i j  

1 

oi- ( i - p )  TI 0 oi+(l-P)n 

Model A-1 

oi-lT oi o . + v  
1 

Model A-2 

where (0 I D I 1). 
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O1 is assumed to  be uniformly d i s t r i b u t e d  over a 
271 i n t e r v a l .  

The procedure followed i n  t h e  d e r i v a t i o n  p a r a l l e l s  
t h e  one used i n  Appendix A of Reference 1 so t h a t  on ly  a 
minimum number of s t a t emen t s  are made i n  t h i s  d e r i v a t i o n .  
I t  i s  thus easy  t o  show t h a t  one need c a l c u l a t e  M c o n d i t i o n a l  
p r o b a b i l i t y  d e n s i t y  d i s t r i b u t i o n s  p [ y ( t )  I m e ]  where p [ y ( t )  I m R 1  
i s  t h e  p r o b a b i l i t y  d e n s i t y  of t h e  r ece ived  s i g n a l  y ( t )  a s s m i n g  
t h a t  s i g n a l  R ,  ( Q = l , 2 , .  . . ,M) w a s  t r a n s m i t t e d .  This  p r o b a b i l i t y  
can be w r i t t e n  c o n d i t i o n a l l y  as 

(A-2)  

L e t t i n g  L=2 and us ing  model A - 1  and t h e  assumption t h a t  
y ( t ) = x ( t ) + n ( t )  where x ( t )  i s  t h e  s i g n a l  and n ( t )  i s  w h i t e  
Gaussian n o i s e  l e a d s  t o  

where 

a -1 i 2 k  

i l k  
- B = t a n  i a 

t h e  aija ' s  are de f ined  i n  equa t ion  ( 4 )  o f  t h e  paper .  
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Expanding exp[-a cos ( 0 2 + ~ 2 R )  1 i n  a Bessel series 
and i n t e g r a t i n g  and then  expanding exp[-a cos(0 +T ) I  i n  a 
s imi l a r  Bessel series, r ea r r ang ing  t e r m s ,  and i n t e g r a t i n g  
leads t o  

2R 

R 1 1R 

where I k ( B )  i s  a modif ied Bessel f u n c t i o n  of the kth o r d e r  and 
of argument 8 .  

I n  a s imi l a r  manner w e  f i n d  t h a t  f o r  model A-2 
p ( y ( t ) / u a )  i s  g iven  by 

k= 1 

where 

d 



. 
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Note t h a t  f o r  both models when p=O 

(A-6) 

(A-7) 

where 

a2 R = {[ y (t) coswR+dt>’ + tT y ( t )  s inuR+df 

To  derive equat ion (A-7) w e  used t h e  i d e n t i t y  

03 

cosn$ 
n = l  

where 

w = (z2 + z2 - 2 2  2 COS$) 1/2 
1 2 1 2  

I f  t h e  value of p l ies between zero and one the  i n f i n i t e  
summations i n  both equat ions  (A-4) and (A-5) do no t  reduce. Thus 
even fo r  t h e  case of L=2 t h e  r e c e i v e r  is  q u i t e  complex. I t  is 
easy  t o  show t h a t  t h i s  complexity i n c r e a s e s  non l inea r ly  w i t h  L so 
tha t  r e a l i z a t i o n  of a d e t e c t o r  f o r  L=3 appears impossible  for  
a r b i t r a r y  va lues  of p .  
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APPENDIX B 

PHASE NOISE MODEL I1 

(A0 assumed known) 

I n  t h i s  Appendix as i n  t h e  prev ious  one w e  have t h a t  
o i ( t )  is a first order Markov process  so t h a t  

where 

and o1 is  assumed t o  be uniformly d i s t r i b u t e d .  

Thus t h e  cond i t iona l  d e n s i t i e s  are g iven  by 
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L T L  i=l 

which can be wri t ten  as 

+ 
d 

dsqnA 0 

where z:i i s  given by equation ( 3 )  of the t e x t .  

described i n  Reference 1 leads t o  equation ( 2 )  of the t e x t .  
Expanding the  Bessel function i n  a polynomial as 


